
672 R. S. HICKMAN AND W. H. GIEDT AIAA JOURNAL

investigations will be necessary to resolve the questions in-
volved.

Turning to the local heat flux, Figs. 11-13 are summaries
of the distributions over the spherical portion of the model.
The glass model data and the nickel model data agree well up
to 0 « 80°. The data scatter becomes progressively worse as
6 approaches 90°, since the heat flux becomes quite small and
experimental uncertainties become progressively more im-
portant. The local heat flux agrees well with Lees' theory for
6 less than 45° and does not show any substantial Reynolds
number dependence. The Mach 2 data agree with Lees7

theory over the entire hemisphere; however, the Mach 4
and 6 data are somewhat higher than Lees' predictions for 6
greater than 45°. This deviation corresponds to the pressure
coefficient's deviation from the Newtonian distribution in
these areas. It is surprising that the Mach 2 heat transfer
data and pressure distribution data support a Newtonian
distribution better than the Mach 4 and 6 data.
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An Integral Method for Calculation of Supersonic Laminar
Boundary Layer with Heat Transfer on Yawed Cone

SHEE-MANG YEN* AND N. A. THYSON|

University of Illinois, Urbana, III.

An integral method for calculating the three-dimensional boundary layer over the surface of
a cone at angle of attack is investigated. The numerical procedure of integration for that
method on the basis of a simplifying assumption concerning the boundary layer development
along the cone generator is developed and illustrated by applying the method to find the solu-
tions of integral equations for a specific example. The results obtained for the example for the
range of circumferential angle of 40° investigated are summarized and given as heat transfer
coefficients, coefficients of friction, and other friction parameters. The distribution of heat
transfer coefficients checked with available experimental data fairly well.

Nomenclature
a = shape parameter in longitudinal velocity profile
6 = shape parameter in cross flow velocity profile
c = shape parameter in enthalpy profile
C = parameter in Chapman-Rubesin temperature-viscosity

relation
Cf = coefficient of friction
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Cp = specific heat at constant pressure
fw" = shear parameter
h = heat transfer coefficient
H = total enthalpy
K = proportionality parameter in transformed boundary layer

thickness
St = Stanton number
T = temperature
TI = dimensionless external temperature (l/Ti = ue*/2cpTe)
u = velocity in x direction (along a generator)
v = velocity in y direction (perpendicular to surface of a cone)
w = velocity in circumferential direction
x = coordinate along generator
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y = coordinate perpendicular to surface of cone
Y = transformed coordinate perpendicular to surface of cone
a = angle of attack
/3 = sine of cone semivertex angle
A = boundary layer thickness in transformed coordinates
77 = dimensionless coordinates perpendicular to cone
0 = enthalpy difference ratio
<f> = angular coordinate measured from stagnation line
^ = angle between total coefficient of friction and that in

x direction

Subscripts
outer edge of boundary layer
surface
total

s =
t
0 = freestream stagnation
oo = freestream

(f) = at angle </> from the stagnation line

Superscript

* dimensionless quantity (with respect to values at the edge of
the boundary layer)

In troduction

THE supersonic aerodynamics of pointed bodies is of in-
terest in connection with the design of aircraft and missile

fuselages. An important feature of the flow about such bodies
is the behavior of the boundary layer and, in particular, the
cross flow (flow in circumferential direction) that exists due
to angle of attack. The characteristics of the three-dimen-
sional boundary layer on the surface of a right circular cone
at angle of attack to a supersonic stream are of interest. The
flow around a cone at angle of attack can be divided into three
types: 1) flow without separation when the angle of attack is
less than the cone half-angle, 2) flow with separation when
the angle of attack is greater than the cone half-angle but not
great enough for the flow to approach that of a yawed cylinder,
and 3) flow qualitatively the same as that about a yawed in-
finite cylinder when the angle of attack is very large. For
large angles of attack, solutions are available only on the
stagnation line.1"4 Until now, no theoretical study has been

investigates an integral method to evaluate the boundary
layer characteristics around a cone at angle of attack. The
integral equations used are developed by using the method
employed by Brunk,2, 12 who investigated the boundary layer
characteristics along the stagnation line. The velocity and
enthalpy profiles in the boundary layer are approximated by
three third-degree polynominals, each in terms of a single
parameter. Blasius-type parabolic similarity is assumed to
exist in the longitudinal direction.

Basic Equations

The following assumptions, as given in Ref. 2, are made in
deriving the integral equations: 1) cp = const, 2) Pr = 1,
3) the temperature-viscosity relation is that of Chapman-
Rubesin, and 4) the surface temperature is constant.

Upon applying the boundary conditions, the velocity pro-
files and enthalpy profile that are approximated by three
third-degree polynominals are

u* = u/ue = (3 - 277)772 + ar)(l - 277 + 77*) (la)

w* = w/ue = (3 - 2r))rj2(we/ue) + 677(1 - 277 +

B*=(H- HS)/(HQ - H.) =
(3 - 277)772 + C77(l - 277 +

(lb)

(Ic)

where

= velocity in x direction (see Fig. 1)
= velocity in y direction
= velocity in circumferential direction
= total enthalpy
= F/A

'p*dy

u
v
w
H

Y
A

The expressions for the velocity and enthalpy profiles, Eqs.
(la-lc), and the expression for boundary layer thickness A
then are substituted into the nondimensional incompressible
form integral equations, and the final integral equations ob-
tained are

27
4

9 dw* , 11 db 13 dw* 13 „ da I db 1 7 da
-d« + 6 -^" i2 f l - d « " 12 W- dj-3adj-3bdj

35 ± 35 or C ,n ,
= 3 5 a 2 - (2a)

25 *' , 5 * 65z. '5
- — w* + - aw* - — & - g '

d d

[~0 * dW* _L_ 3 * db _L 3 A dW* 2 l , d b ~ ] l dW* f35 * _1_ 35 1,1 J_ QK * f1 dw* • 1 19 w* -—- + 7U>* — + -b -r— - - b — \ - - — f- — we * + — b \ + 35w* - -j- + 1L d(j> 4 d4> 4 d<p 3 d<f>_\ /3 d<t> \_2 12 J [_/3 d<j> J X

27 , 33 39

l [? d w * _i_ M
2 d<t) 6

6 " 12

13 dw* _
12 C d<j> 12

_
cUJ> -Ml-884 (2c)

made on the three-dimensional laminar boundary layer off
the stagnation line associated with a cone at large angle of
attack. There have been very few experimental investiga-
tions of the laminar boundary layer characteristics off the
stagnation line, and only the circumferential distribution of
heat transfer coefficients are available.5"9 The present paper

Equations (2a) and (2b) are momentum equations in the x
and 0 directions, respectively, and Eq. (2c) is the energy
equation. These three simultaneous equations are first-
order, ordinary, nonlinear differential equations in four un-
knowns [a = (du*/drj)Q, b = (dw*/drj)o, c = (d6*/dri)o, and
K].
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/
Stagnation
Line-

Shock Wave

Fig. 1 Coordinate system for circular cone at angle of
attack

Numerical Method of Solving
the Integral Equations

If the three integral equations are to be used to determine
a, b, and c (i.e., the shape parameters to determine the
velocity and temperature profiles), the variation of K in the
circumferential direction has to be given. With the absence
of such knowledge concerning K, it is decided to consider the
case with K assumed constant. This assumption, implying
that the development of boundary layer thickness in the
longitudinal direction off the stagnation line is the same as that
along the stagnation line, may not be justified for flow along
cone generators at appreciable circumferential angle from the
stagnation line. The numerical method is outlined as
follows:

1) Select the following conditions: M&, TS/TQ (surface
temperature), 9C (cone angle), and a (angle of attack).

2) The starting values of a, b, and c and their derivatives
with respect to cf> (i.e., the values at the stagnation line) are
determined from Eqs. (2a-2c) modified for application at
stagnation line.

3) Determine the external flow parameters from the
Massachusetts Institute of Technology cone tables.10' n

4) Solve the integral equations for a, 6, and c by using a
step wise procedure of numerical integration. It was observed
that, besides the cross flow variable 6, the changes in the term
on the right-hand side of each of the three integral equations
also are the controlling factors in changing the value at each
step of approximation of the values of the derivatives.

Example

The suitability of using the numerical method described
in the foregoing to solve the differential equations can be
ascertained best by applying the method to a specific ex-
ample. The calculations are made up to circumferential angle
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Fig. 2 Comparison of theoretical results and experi-
mental data on heat transfer around a cone at angle of

attack
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Fig. 3 Comparison of theoretical results on heat transfer
coefficient around a cone at angle of attack and experi-
mental data on heat transfer coefficient around a yawed

cylinder

Table 1 Summary of results0

0°
5°
10°
15°
20°
250
30°
35°
4Q°

a

1.5921
1.5831
1.5784
1 . 5584
1 . 5001
1.4670
1.4441
1.3937
1.3344

b
0

0.0747
0.1486
0.2306
0.2929
0.3513
0.4099
0.4618
0.5062

c

1.5921
1 . 5833
1 . 5781
1.5578
1.4999
1.4657
1.4418
1.3908
1.3307

(c/,*)*
(c/,*)o

1.0000
0.9948
0.9939
0.9802
0.9427
0.9223
0.9059
0.8733
0.8368

(c/,0*
(c/,i)o
1.0000
0.9959
0.9982
0.9909
0.9605
0.9484
0.9417
0.9201
0.8950

fw"

0.5760
0.5730
0.5710
0.5630
0.5420
0.5290
0.5220
0.5010
0.4790

*
0°
2.70°
5.38°
8.24°
10.89°
13.47°
15.84°
18.33°
20.78°

(SO*
(SOo
1.0000
0.9951
0.9937
0.9799
0.9427
0.9216
0.9045
0.8716
0.8345

(SO*
(c/,*)*
0.5000
0.4999
0.4999
0.4998
0.4997
0.4995
0.4992
0.4990
0.4986

(St)*
(c/,0*
0.5000
0.4996
0.4977
0.4944
0.4970
0.4859
0.4803
0.4737
0.4662

a Values of boundary layer parameters and variations of coefficients of friction and heat transfer coefficients around a cone for Mm = 3.1795, a = 10°, 0c
= 15°, Ts/To = 0.05, and Pr = 1.0; (c^>a.)0 = coefficient of friction in x direction at angle 0 from the stagnation line; (Cfit)4> = total coefficient of friction at
angle <f> from the stagnation line.
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of 40° for example of the following conditions: 1) Mm =
3.1795, 2) Ts/To = 0.05, 3) de = 15°, and 4) a = 10°.
The external flow parameters used are based upon first-
order theory. The results are shown in Table 1, which also
includes the results of calculation on coefficient of friction,
coefficient of friction in x direction, shear parameter fw",
angle between total coefficient of friction and coefficient of
friction in x direction, and Stanton number St. In the circum-
ferential direction off the stagnation line (i.e., as </> increases)
1) the coefficient of friction in the x direction and fw" de-
crease, 2) the coefficient of friction in the x direction increases
since it is directly proportional to b, 3) the total coefficient of
friction decreases, and 4) the angle between the total co-
efficient of friction and that in the x direction increases. Com-
parisons are made of the distribution of heat transfer co-
efficient in the circumferential direction and that obtained by
experiments. The present theoretical results are found to
agree fairly well with the available experimental data for
similar flow conditions. Two such comparisons are shown in
Figs. 2 and 3. The experimental results in Fig. 2 are for much
higher Mach number, and other flow parameters are slightly
different.7 The experimental results for Fig. 3 are for a
yawed cylinder.

Discussion

The results on coefficients of friction and friction parameters
are of special interest, since neither experimental data nor
theoretical results on those are available. Any experimental
data on coefficients of friction which may become available
for a cone at angles of attack for comparison with the theoreti-
cal results obtained will be helpful in establishing the accuracy
of the present method to investigate the complete boundary
layer characteristics around a cone at angles of attack. The
variation of K also should be considered in extending the
calculation to the case of larger circumferential angles;
however, it should be pointed out that the accuracy of the
integral method suffers on the leeward side of the yawed cone
which has an unfavorable pressure gradient. Furthermore, at

large angles of attack, the boundary layer on the leeward
side no longer can be considered as thin.
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Some Exact Solutions for Cavitating Curvilinear Bodies

FREDRIC F. EHRICH*
General Electric Company] West Lynn, Mass.

A special case of cavitating flow solutions is postulated and transformed to a semi-infinite
plane. The complete, exact solution then is synthesized by superposition of singularities.
The solution is relevant to a general, two-parameter family of curvilinear bodies. The param-
eters are the flow angles at the two points of flow separation. The body reduces, in the special
case, to the Rayleigh solution for a flat plate. The equations of the cavity boundaries are
given in explicit form. The body form and the stagnation streamline are given as the locus of
the roots of a cubic equation. Local static pressures and, hence, lift and drag, also may be
calculated. The generated solutions constitute a technique involving simple computation
for exact solutions of a special family of cavitating curvilinear bodies at finite angles of attack.

Nomenclature
a, 6, A, B, C, E = solution constants
A, B, C, D, E, F = labels of locations in various planes
CD = drag coefficient
CL = lift coefficient
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c = chord length
/£ = (£2 _|_ ^2)1/2 = ra(jial vector length in the f plane
ri, r% = location of the singularities in the f plane
si,szjSs = location of stagnation points in the f plane
W = 0 -j- ii// = complex potential (potential function, stream

function)
z = x + iy = complex physical coordinate (abscissa, ordi-

nate)
f = £ + it] — complex half-plane coordinate

ordinate)


